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Abstract
In this paper we consider conformal symmetry in the context of manifolds with general affine con-
nection. We extend the conformal transformation law of the metric to a general metric compatible
affine connection, and find that it is a symmetry of both the geodesic equation and the Riemann
tensor. We derive the generalised Jacobi equation and Raychaudhuri equation and show that they
are both conformally invariant. Using the geodesic deviation (Jacobi) equation we analyse the
behaviour of geodesics in different conformal frames.
Since we find that our version of conformal symmetry is exact in classical pure Einstein’s gravity,
we ask whether one can extend it to the standard model. We find that it is possible to write
conformal invariant lagrangians in any dimensions for vector, fermion and scalar fields, but that
such lagrangians are only gauge invariant in four dimensions. Provided one introduces a dilaton
field, gravity can be conformally coupled to matter.
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I. INTRODUCTION
Conformal transformations (Weyl transformations) can be defined as the set of all space-
time transformations that change the line element as,
ds2 → e2θ(x)ds2 . (1)
The local symmetry group defined by this set can be thought as an extension of the Lorentz
group, as follows. The Lorentz group is spanned by the generators Mµν = −Mνµ, which
satisfy, [
Mµν ,Mλσ
]
=i (ηνλMµσ + ηµσMνλ − ηνλMµσ − ηµλMνσ) ,
Λ(x) = exp (Mµνω
µν(x)) ,
where Λ(x) is an element of local Lorentz group, i.e. it represents the transition matrix that
relates different (locally) inertial observers. Its extension can be thought of as being spanned
by the identity matrix 1 of the representation space where Mµν lives and its exponentiation
leads to the transformation Λ = exp (1θ(x)). The additional parameter θ(x) belongs to R
and, as we will argue in this paper, extends the notion of Lorentz transformation to include
local rescalings of fields.
The transformation law (1) represents a local rescaling of lengths such that angles and
dimensionless ratios are kept the same. Any theory left invariant under the transformation
law (1), should therefore not possess any intrinsic length scale, since that would break the
symmetry, and all meaningful observables in the theory should be dimensionless ratios. The
fundamental constants that can be found in nature relate different quantities to each others.
For example, the speed of light is used to relate time and space, x = c t, the Planck constant
relates space and momentum, ∆x∆p = ~, and the Boltzmann constant relates energy with
temperature, i.e. E = kBT . The question we want to answer is, do c, ~, kB rescale if
lengths are locally changed as in (1)? The answer is no: from Lorentz invariance, we know
that time and space should be treated equally, hence they should have the same conformal
weight under the rescaling (1). This means c is invariant under conformal transformations.
We also know that masses scale inversely to length or time, as we can infer by looking
at the mass terms in any lagrangian, which implies that ~, whose dimension is [kg m2/s]
does not rescale if lengths are locally changed as in (1). Finally, similar arguments can be
applied to the Boltzmann constant, by knowing that temperature scales as energy. We can
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therefore conclude that c, ~, kB relate quantities with the same scaling behaviour under (1),
which means that they are conformally invariant. Alternatively put, we cannot construct
any intrinsic (length, time, energy or temperature) scale using just c, ~, kB: any attempt
to do so, will produce a constant that relates quantities with the same scaling behaviour
under the rescaling (1), and is thus conformally invariant. The coupling constants in the
Standard Model include the Yukawa couplings yij (which are all dimensionless in natural
units, ~ = c = kB = 1, and in four dimensions), the couplings of gauge fields to matter fields
(charges) gi (which are also dimensionless) and the (self-)couplings of scalar fields (which
are also dimensionless). On the other hand the Higgs mass term, which is in the Standard
Model a dimensionful coupling parameter, violates the Weyl symmetry (1), and furthermore
the Newton’s constant, GN [m
2], and the cosmological constant, Λ [m−2], both violate the
symmetry (1) in the gravitational sector. The question is then how to introduce a scale to
a conformally invariant theory.
This can be done through (matter) fields since they introduce dimensions. Indeed, in
four space-time dimensions the canonical dimension of a scalar field φ is [m−1], vector fields
Aµ [m
−1] and fermionic fields ψ [m−3/2]. If matter fields acquire condensates, they can
introduce a scale in the problem. For example, a scalar field condensate 〈φ〉 [m−1] and in
this paper we shall make use of the dilaton field condensate to introduce the Planck energy
scale, 〈Φ〉 = MP [m−1]; the same (or analogous) field condensate can set the mass scale of
electroweak symmetry breaking ξ〈Φ〉, where ξ is some dimensionless coupling constant.
The scalar that is responsible for the Planck constant may therefore be also responsible
for the Higgs mass, and therefore for all of particle’s masses. This way, there would be
no absolute intrinsic scale in nature, but only a local value of the field condensate 〈Φ2〉.
If we contemplate this possibility, we might ask what differences should local observers
perceive due to the fact that their masses are generated by field condensates? Any observer
performing local experiments can only observe the local value of the field, and base his or her
entire system of units upon it. This means in particular that he or she will measure time in
units of the field, ds2 = dsˆ2/Φ(x)2, and might experience time dilatation if entering a region
where the condensate vacuum expectation value (vev) is closer to zero. If two observers
happen to live in different places with different local values of 〈Φ2〉, they might meet and
compare the results of their experiments, which might differ quantitatively, but should agree
when it comes to dimensionless ratios.
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An example of how this might come to be can be found in cosmology, where most ob-
servations are based on redshift of photons. Since the observed frequency is related to the
frequency at emission by,
νobs =
aem
aobs
νem ,
where aem = a(tem) (aobs = a(tobs)) denotes the cosmological scale factor at the emitter
(observer), observing the frequency of standard candles can tell us whether the universe is
expanding or contracting, i.e. whether a(t) is increasing or decreasing. However, as noticed
in [1, 2], there could be another interpretation: that the masses of particles are increasing
as time goes by. If the mass of the atom which emitted the photon was smaller, the Bohr
radius of the atom which emitted it was also smaller, and therefore the emitted frequency
will be measured as if the universe was expanding [1]. In this interpretation, the space-time
metric can be static, but the masses of particles change, and therefore one observes redshift
in frequency. This just corresponds to use two different conformal frames: if one choses
Φ(x) = Φ0 to be the scale today, and constant during the universe evolution, he or she will
conclude that the universe is expanding, while letting Φ¯0(t) be changing during the evolution
of the universe, leads to the conclusion that the universe is static, but masses change during
its evolution. Note also that the observed and emitted frequency might differ according to
the interpretation, but the dimensionless ratio νobs/νem is the same in all frames.
It can be argued that these two interpretations are not really different [2, 3], but are
related by a frame transformation of the type (1). In the previous example we argued that
different scales might be associated to different moments of the cosmic evolution. Since time
and space are on equal footing in gravitational theories, we should expect variations of the
energy scale also in different space regions. From this, we justify the local nature of (1): the
scale used by local observers to perform experiments can vary locally, and be different in
different regions of space-time. If we follow this interpretation, we are lead to consider the
local scale transformation (1) as a symmetry of Nature, which is broken today, but realised
in the fundamental theory.
There are two pieces of evidence that support this conclusion: firstly, the fact that the
Standard Model is a nearly conformal theory. Safe for the Higgs mass, all the interactions
of the Standard Model possess dimensionless couplings and safe for the scalar mass term,
all other terms of the Standard Model action are classically conformal. Secondly, it is a well
known fact that the renormalization group’s equations can possess fixed points [4]. These
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FIG. 1: On the left, the effect of the torsion trace on parallel transport of vectors: the torsion
trace induces a rescaling of vectors during parallel transport. Note that the parallel transported
version of V and W are parallel respectively to V and W , and lie on the same plane as their
parent vectors. This feature is characteristic of the torsion trace and does not hold when more
components are added to the torsion tensor. On the right, an example of a space with torsion, and
the rotation induced by parallel transport. In the figure we can see a geodesic tangent vector, γ˙,
parallel transported along the vertical direction, and a rotating vector, orthogonal to γ˙, which is a
Jacobi field in this space. The helicoidal curve traced by the Jacobi field is also a geodesic.
are energy scales at which the coupling constants of the theory’s cease to be scale dependent.
If we conjecture that the fundamental theory of nature should possess renormalizability, we
have to consider the existence of an UV fixed point. Near this point, quantum fluctuations
will be such to restore conformal symmetry, which would be broken in the IR limit of the
theory. We are therefore lead to consider the transformation (1) as a symmetry in the UV
completion of the fundamental theory, which is then broken once the theory flows towards
the IR.
The missing piece in this whole argument, however, is gravity. If we want to argue that
conformal transformations are on the same footing as coordinate transformations, i.e. they
merely describe different observers, we should be able to construct a theory of gravity for
which the metric rescaling (1) is a symmetry. In such a theory, all gravitational observables
must be the same in all conformal frames. At the present state of art, there is no theory
that is capable of this: although conformal lagrangians can be constructed using the Weyl
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tensor or a non minimally coupled scalar [5, 6], observables such as curvature and geodesics
trajectories are frame dependent in these theories, and we are therefore forced to strongly
modify Einstein’s theory of gravity and explain how to flow from the high energy description
to the low energy limit (Einstein’s theory). Furthermore, the gravitational models based on
Weyl tensor are generally unstable, both at the classical and quantum level, as they violate
Ostrogradsky’s theorem [7] and possess ghosts [8].
In this paper we address these questions in the context of Einstein-Cartan gravity [9]. In
this theory, the only assumption from General Relativity that is dropped is that of a sym-
metric connection. The torsion tensor, defined as the antisymmetric part of the connection,
is introduced as a novel geometrical notion, distinguished from curvature, and represents
a microscopic twisting of space-time. In a space-time with torsion, vectors rotate during
parallel transport, in such a way that parallelograms constructed by parallel transporting
two vectors on each others, do not close [10]. Vectors also rescale during parallel transport,
in a way described by the torsion trace, as is illustrated in figure 1. This is the geometrical
reason why torsion is linked to conformal symmetry, and its transformation properties under
the rescaling (1) are crucial in the construction of a frame independent theory of gravity.
In section II we consider the most general metric compatible linear connection, which
depends on torsion other than the metric, and extend the transformation law (1) to it. We
find a remarkably simple transformation that leaves unaltered the geodesic equation and
the Riemann tensor. As a consequence, also the Einstein’s tensor remains invariant under
the complete transformation. Since the other transformations that have the property of
leaving geometry invariant are coordinate changes, and they correspond to a change in the
observer’s point of view, we argue that the same interpretation should be put forward for
conformal transformations such as (1).
We then address the question, what different physical properties do different conformal
observers measure? Space-time singularities are defined through geodesic incompleteness: an
observer falling into a singularity would see its proper time stop at a certain point. Clearly,
a simple rescaling of the type (1) can be used to extend the geodesic to arbitrary values
of the proper time [2]. If one wants to follow this interpretation, he or she can ask what
happens to nearby geodesics, as they get closer and closer to the singularity. We address
this question by studying the geodesic deviation (Jacobi) equation, which we generalise to
general space-time with torsion. We show that in a different conformal frame, observers will
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measure a damping force that slows the acceleration of geodesics towards each others. If
the transformation really pushes the singularity to infinite proper time, this damping force
becomes infinite, effectively stopping the force that pulls geodesics towards each others,
when the singularity is reached. The same effect can be described in a less general setting
using the Raychaudhuri equation with torsion, which is also conformally invariant 1.
In section III, we consider the interaction terms of the standard model, for fermions,
gauge bosons and scalars fields. We show that our extended conformal symmetry can be
easily unified with the Standard Model action, provided that the scalar field kinetic term
is modified. We construct a conformally invariant covariant derivative, using the unique
coordinate and metric independent contraction of torsion as the gauge field to retain local
conformal invariance, that is the torsion trace. In this construction, we treat the torsion
trace as a new “gauge boson” of the group defined by the transformation (1), motivated
by the fact that the torsion trace generates local scale transformations, as can be seen in
figure 1. We show that all interactions in the Standard Model are compatible with our
version of conformal symmetry. The only way to make the gauge fields action conformally
symmetric in D 6= 4 is to break gauge symmetry. If the gauge symmetry is Abelian and in
D = 4 the two local symmetries can be unified at the classical level.
II. CONFORMAL TRANSFORMATIONS IN GENERAL RELATIVITY
In cosmology, the transformation (1) is often used to simplify inflationary models. For
example, a complicated Lagrangian where the inflaton field is non minimally coupled to
gravity (often referred to as Jordan frame), can be studied in a more familiar setting, by
performing the transformation (1), leading to a minimally coupled theory (in the Einstein’s
frame). If the transformation parameter θ in (1) is regular everywhere, classical solutions 2
in Jordan frame are mapped onto classical solution in Einstein frame.
However, we can ask whether the two frames are physically equivalent, meaning that any
1 As it should be since a curve’s shear, vorticity and divergence, which appear in the Raychaudhuri equation,
are observable quantities, and as such should not depend on the conformal frame used to compute them.
2 Since our discussion is fully classical, we do not look in this paper at the quantum behaviour of theories.
However, it should be noted and kept in mind that quantum theories break conformal invariance. One
reason is that the path integral measure is not invariant under conformal rescaling (1). Consequently, the
well known conformal anomaly [5, 11] generates terms which break conformal symmetry.
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physically meaningful observable should be the same in both frames. It becomes clear that
this is not the case, if we consider the geodesic equation. Since geodesics are trajectories of
free falling bodies, they should be invariant under (1), if one wants to claim that the two
frames are physically equivalent.
If the metric is locally changed as,
gµν → g˜µν = e2θ(x)gµν , dτ → dτ˜ = eθ(x)dτ , (2)
then the Christoffel symbols,
◦
Γλµν , are shifted by,
δ
◦
Γλµν = δ
λ
µ∂νθ + δ
λ
ν∂µθ − gµν∂λθ . (3)
It then straightforwardly follows that the geodesic equation,
d2xλ
dτ 2
+
◦
Γλµν x˙
µx˙ν = 0 , (4)
transforms as,
e−θ
d
dτ˜
(
e−θ
dxλ
dτ˜
)
+ e−2θ
( ◦
Γλµν x˙
µx˙ν + 2
dθ
dτ˜
x˙λ − x˙µx˙µ∂λθ
)
= 0 . (5)
The third term in Eq. (5) can be absorbed in a reparametrization of the proper time τ ,
but the fourth cannot. This shows that, in absence of torsion, geodesics calculated in two
different conformal frames are, in general, not the same. Clearly this is enough to show that
the two conformal frames are not physically equivalent: since particles cannot follow two
orbits at the same time, one has to define which one is the physical frame, and compute
observable quantities in such a frame.
It is of course possible to study a theory by doing the conformal rescaling (1), but one has
to construct frame independent observables that allow to relate the two frames to each others.
For example, one can construct such observables in theory of cosmological perturbations [12–
14], such that the observed scalar and tensor spectra do not depend on whether one calculates
them in Einstein or Jordan frame. In classical General Relativity a conformal observable
is the Weyl tensor, the trace-free part of the Riemann tensor. Such a quantity is indeed
invariant under the rescaling (1), however, it contains less information than the Riemann
tensor itself. Namely, since the Weyl tensor is trace free, the gravitational scalars used in
the Lagrangian of the theory has to be the square Weyl tensor. This leads to a theory that is
substantially different from general relativity and would require a sophisticated mechanism
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to explain why the low energy effective theory of gravity is Einstein’s theory. As we shall
see, by adding torsion to the space-time manifold, we can construct conformally invariant
theories using both the Ricci tensor or scalar and the Ricci tensor. In some versions of the
theory, the modified Einstein’s equations are the same one studies in general relativity, safe
for a field-dependent Planck mass and as such in the low energy limit they reproduce the
same results as general relativity.
We now proceed to derive the transformation laws following the conformal rescaling (1)
in Einstein-Cartan gravity, by demanding that the geodesic equation should be invariant
under conformal rescaling.
Let us define the torsion tensor as the antisymmetric part of the connection,
T [X, Y ] =− 1
2
(∇XY −∇YX − [X, Y ]) ,
or in components, T λµν =Γ
λ
[µν] =
1
2
(
Γλµν − Γλνµ
)
.
(6)
The Riemann tensor is then,
R[X, Y ]Z =∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z ,
or in components, Rλσµν =
(
∂µΓ
λ
σν − ∂νΓλσµ + ΓλκµΓκσν − ΓλκνΓκσµ
)
.
(7)
We will denote vectors, forms and tensors both in their components free notation, and as
their components in a local basis. Vectors, V , act on functions, f , forms, ω, act on vectors,
and their action is defined as,
V [f ] = V µ∂µf ,where f is a function ,
ω[V ] = ωµV
µ ,where V is a vector .
(8)
More generally, a tensor M of rank
(
p
q
)
, acts linearly on p forms and q vectors to give a real
number, as
M [ω1, · · · , ωp, V1, · · · , Vq] = Mµ1···µpν1···νq ωµ1 · · ·ωµpV ν1 · · ·V νq . (9)
Finally, for the metric convention, we use the signature (−,+,+,+).
A well known result [9] is that the most general antisymmetric connection satisfying
metric compatibility is given by,
Γλµν = T
λ
µν + Tµν
λ + Tνµ
λ +
◦
Γλµν , (10)
where
◦
Γλµν are the Christoffel symbols computed using the metric, i.e.
◦
Γλµν =
gλσ
2
(∂µgσν + ∂νgσµ − ∂σgµν) . (11)
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Let us now consider the geodesic equation: under the conformal rescaling (1) we have,
dxλ
dτ
∇λdx
µ
dτ
= 0→ dx
λ
dτ˜
(
∇˜λdx
µ
dτ˜
)
=
d2xµ
dτ˜ 2
+ Γ˜µαβ
dxα
dτ˜
dxβ
dτ˜
=
=e−2θ
(
d2xµ
dτ 2
+ (Γµαβ + δΓ
µ
αβ)x˙
αx˙β − θ˙x˙µ
)
= 0 ,
(12)
where, inspired by (3), we postulated that the connection transforms linearly,
Γµαβ → Γ˜µαβ = Γµαβ + δΓµαβ .
We see from Eqs. (3), (10) and (12) that the most natural choice is to write,
δΓµαβ = δ
µ
α∂βθ , δT
µ
αβ = δ
µ
[α∂β]θ , 2δT(αβ)
µ = gαβ∂
µθ − δµ(α∂β)θ , (13)
such that the geodesic equation is mapped onto itself. The transformation law (13) has
been considered in the literature before, for example in [6, 15], where the authors consider
coupling scalar-tensor theories to torsion. In [16], the authors find the existence of an
equivalent class of manifolds, analogous to a metric e2θgˆµν , and torsion purely given by
δT µαβ, as in (13), and claim that they are different representation of general relativity.
We pursue such interpretation, in this paper, as a manifestation of invariance of physical
observables for different observers, which is reflected in the fact that the geometry remains
invariant under the symmetry. For the simpler case studied in [16], the theory is indeed
analogous to General Relativity, but in the general case, one has to consider the torsion
trace as an external field. We show in section III that, in the classical limit, the case of pure
gauge torsion (13) is a solution of the theory, and interpret the scalar parameter in [16] as
the dilaton which sets the Planck scale.
The conformal transformations (13) map geodesic trajectories onto geodesic trajectories
in the new frame, acting as a reparametrisation of the proper lengths. This is the case if
torsion is included in the geodesic equation. In principle, one can choose not to transform
the torsion tensor, and just transform the Christoffel connection as in Eq. (3). However, in
our opinion, (13) is the most natural choice: namely, from differential geometry we know
that a tensor is constant along the integral curves of a vector field X if,
∇XT = 0 , (14)
which, if the tensor acts on p 1-forms and on q vectors, transforms under conformal rescaling
as,
(∇XT + (p− q)X[θ]T ) = 0 . (15)
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Requiring invariance of the parallel transport equation (14) leads to the following transfor-
mation’s law for tensors of rank
(
p
0
)
and
(
0
p
)
and their covariant derivatives,(
p
0
)
: T˜α1···αp = e−pθTα1···αp , ∇µTα1···αp →∇˜µT˜α1···αp = e−pθ∇µTα1···αp ;(
0
p
)
: W˜α1···αp = e
pθWα1···αp , ∇µWα1···αp →∇˜µW˜α1···αp = epθ∇µWα1···αp .
(16)
Following these rules, we have that all scalar contractions of tensors are invariant under
conformal transformations. This choice is the most natural from the geometrical perspective,
however it does not give the correct prescription when looking at fields. As an example,
consider a scalar field, which under conformal transformations (1 ) changes as,
φ(x)→ φ˜(x) = e−D−22 θφ(x) , (17)
while the geometrical prescription would give φ→ φ, since φ is a geometric scalar function.
This does not, however, constitute a problem: scalar fields are in general different objects
than geometrical scalar functions, and can therefore posses different scaling properties, even
if their transformation law under coordinate transformation are the same. Scalar fields such
as φ in (17) can be considered as densitized geometric scalars, φ = |g|xφg, where φg denotes
a geometric scalar (which does not transform) and x = x(wφ) = wφ/(2D) is a function of
the conformal weight wφ of the field φ (in the above example, wφ = −(D − 2)/2).
We will see in the next section how to construct a conformal invariant covariant derivative
for a field of general conformal weight w. For the time being, we focus on tensors and forms
that transform as direct product of 4-velocities, for which the property (16) holds.
The second main property of the connection transformation law (13) is that it leaves the
Riemann tensor unchanged, as we can see from,
R˜λσµν =
(
∂µΓ
λ
σν + δ
λ
σ∂µ∂νθ + δ
λ
σ∂µθ∂νθ − ∂νΓλσµ − δλσ∂ν∂µθ − δλσ∂µθ∂νθ
+ ΓλκµΓ
κ
σν + Γ
λ
σµ∂νθ + Γ
λ
σν∂µθ + δ
λ
σ∂µθ∂νθ
− ΓλκνΓκσµ − Γλσν∂µθ − Γλσµ∂νθ − δλσ∂νθ∂µθ
)
= Rλσµν .
(18)
An immediate consequence of Eq. (18) is that the geometrical side of Einstein’s equations
is invariant under conformal transformation the way we have defined them here, that is,
Gµν = Rµν − 1
2
gµνR→ R˜µν − 1
2
g˜µνR˜ = Rµν − 1
2
gµνR .
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However, the right hand side of Einstein’s equation, the matter side, does not have the same
property. In fact, the scaling properties of the energy momentum tensor, in D dimensions,
follows from its definition, if Sm is conformally invariant,
Tµν = − 2√−g
δSm
δgµν
→ T˜µν = e−(D−2)θTµν , (19)
since
√−gδgµν → e(D−2)θ√−gδgµν . The most simple way of making Einstein’s equations
conformally invariant, is to write a scalar field (dilaton) in Einstein’s equation, playing the
role of a coupling constant,
Rµν − 1
2
gµνR =
α2
Φ2(x)
Tµν , (20)
where α2 > 0 is a dimensionless coupling constant and conformal weight of Φ is wΦ =
−(D − 2)/2. Equations (20) are conformal in any dimension, and they follow from the
conformal invariant actions, SCG =
∫
dDx
√−gΦ2R and Sm. This of course implies that the
Newton constant is field dependent, and its apparent value today needs to be generated by
a dilaton condensate, perhaps in a similar way as the Higgs mechanism generates masses in
the standard model. We will return on this issue in section IV, where we discuss possible
mechanisms that can lead to spontaneous breaking of conformal symmetry. For the moment,
let us analyse in more depth the consequences of (12–18).
In general relativity, the equation that describes the acceleration or deviation of nearby
geodesics is the Jacobi equation,
∇γ˙∇γ˙J = R[γ˙, J ]γ˙ , (21)
where J are Jacobi vector fields, γ˙ is the tangent vector to the geodesic and R[γ˙, J ]γ˙ denotes
the Riemann tensor.
We want to derive the equation corresponding to (21) in the framework of gravity with
torsion and study its behaviour in different conformal frames. To this end one can select a
bunch of points along the integral curves of the vector field J and look at the geodesics that
start from such points. These in general relativity describe the trajectories of freely falling
particles, and the geodesic deviation equation, that is the analogue of (21) will describe the
acceleration of such test bodies towards each others due to the action of gravity.
To look at the way geodesics are pulled towards each other, we construct a variation of
geodesics, that is, a set of curves Γ(τ, σ), such that for fixed σ, Γ(τ, σ0) is a geodesic. Then
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we define the Jacobi field and the geodesic tangent vector as,
J =
∂Γ(τ, σ)
∂σ
∣∣∣∣
τ=0
, γ˙ =
∂Γ(τ, σ)
∂τ
∣∣∣∣
σ=0
. (22)
It follows from these definitions that J and γ˙ form coordinate lines, and therefore [17],
Lγ˙J = [γ˙, J ] = 0 ,
where L is the Lie derivative, and [·, ·] denotes the commutator. We then have that the
covariant derivatives of J and γ˙ satisfy,
∇J γ˙ = ∇γ˙J − 2T [J, γ˙] , (23)
as follows straightforwardly from the torsion definition (6). Next, by taking the covari-
ant derivative with respect to γ˙ of Eq. (23), and applying the definition of the Riemann
tensor (7), one finds,
∇γ˙∇γ˙J − 2∇γ˙T [J, γ˙] = ∇γ˙∇J γ˙ =
=∇J∇γ˙ γ˙ +
[∇γ˙,∇J]γ˙ = [∇γ˙,∇J]γ˙ −∇[γ˙,J ]γ˙ = R[γ˙, J ]γ˙ .
We thus find that,
∇γ˙∇γ˙J + 2∇γ˙T [γ˙, J ] = R[γ˙, J ]γ˙ , (24)
which is the Jacobi equation for space-times with torsion, and it is the correct generalisation
of Eq. (21).
We will now demonstrate that equation (24) is conformally invariant. However, before
we proceed, we remind that there exist two kinds of Jacobi fields: in the direction of γ˙, there
are always two linearly independent solutions, γ˙ and τ γ˙, as one can easily verify by applying
to them Eq. (24). The second fact to be noticed, is that one can project Eq. (24) onto
the subspace orthogonal to γ˙, since the projector operator, hµν = δ
µ
ν − γ˙µγ˙ν 3, commutes
with the differential operator of Eq. (24). By splitting J = (α + βτ)γ˙ + J⊥, one finds that
T [γ˙, J ] = T [γ˙, J⊥], and the same is true for the right-hand side, since both T [X, Y ] and
R[X, Y ]X are antisymmetric under the exchange of X and Y .
3 Here  = g(γ˙, γ˙). Note that hµν is only well defined for time-like and space-like geodesics, since for null
geodesics it would give the identity. This happens because hµν is degenerate for null hypersurfaces. Our
construction, and the consequent Raychaudhuri equation, can be straightforwardly generalised to null
geodesics, following the steps in [17].
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FIG. 2: Geodesics in two different conformal frames for the flat plane: in both frames geodesics
are straight lines, but on the right the equal time lines are bended. However, the component of J⊥
remain unchanged, and are kept constant on the geodesics.
Therefore, projecting the Jacobi equation (24) on the subspace orthogonal to geodesics
leads to,
∇γ˙∇γ˙J⊥ + 2∇γ˙T⊥[γ˙, J⊥] = R⊥[γ˙, J⊥]γ˙ , (25)
where T⊥(γ˙, J⊥) = (hµνT
ν
αβγ˙
αJβ)∂µ, is the projection of torsion on the hyperspace perpen-
dicular to the geodesic. Note that, since the Riemann tensor is antisymmetric in its first
two indices, we have g(γ˙, R[γ˙, J⊥]γ˙) = 0, which implies that projecting the right hand side
of (24) is irrelevant, since R[γ˙, J⊥]γ˙ = R⊥[γ˙, J⊥]γ˙.
Conformal transformations are essentially reparametrisations of the proper time, dτ →
eθdτ , dτ 2 = −ds2. The integral lines of J represents lines of constant time on the neigh-
bouring geodesics. It follows from this, that reparametrisations of proper time only change
the component of J in the direction of the geodesics itself, while J⊥ should stay invariant.
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We then postulate the following transformation laws for the Jacobi field,
J⊥ → J⊥ , (26)
γ˙ → e−θγ˙ , (27)
τ γ˙ → τ˜ e−θγ˙ , τ˜ =
∫ τ˜
τ˜0
e−θ(x(s))ds . (28)
This is a consistent choice, because J⊥ and γ˙ are different geometrical objects: the first
contains information about the separation between different freely falling observers, while
the second is the four-velocity of these point-like observers. Therefore, we should not be
surprised that the two vectors possess different scaling properties. However, we should
notice that the magnitude of J⊥ is not invariant, contrary to what happens to γ˙. In fact,
g(J⊥, J⊥) → e2θg(J⊥, J⊥), which implies that the measured magnitude in one frame, ‖J⊥‖,
can be arbitrarily smaller than the measured magnitude in another frame.
We can now show that the Jacobi equation (25) is conformally invariant. In a different
frame we would write, for the left hand side of equation (25),
∇˜˜˙γ∇˜˜˙γJ⊥ + 2∇˜˜˙γT˜⊥[˜˙γ, J⊥] = (29)
= e−θ∇γ˙
[
e−θ
(
∇γ˙J⊥ + θ˙J⊥
)]
+ e−θθ˙
[
e−θ
(
∇γ˙J⊥ + θ˙J⊥
)]
+2e−θ∇γ˙
[
e−θ
(
T⊥[γ˙, J⊥]− 1
2
θ˙J⊥
)]
+ 2e−θθ˙
(
T⊥[˜˙γ, J⊥]− 1
2
θ˙J⊥
)
= e−2θ (∇γ˙∇γ˙J⊥ + 2∇γ˙T⊥[γ˙, J⊥]) , (30)
and for the right hand side we have,
R˜[˜˙γ, J˜⊥]˜˙γ = e−2θR[γ˙, J⊥]γ˙ , (31)
implying that both side of equation scale the same way, thus rendering the Jacobi equa-
tion (25) conformally invariant. This is precisely what we expected from the conformal
invariance of the geodesic equation and of the Riemann tensor.
From the Jacobi equation (25), we can easily derive the Raychaudhuri equation, which
has a more physically intuitive interpretation, borrowed from the context of fluid dynamics.
Defining the shear, vorticity and divergence (or local expansion rate) of geodesics as,
Sµν =
1
2
(∇µγ˙ν +∇ν γ˙µ) , (32)
Aµν =
1
2
(∇µγ˙ν −∇ν γ˙µ) , (33)
Θ = hµν∇µγ˙ν = ∇ν γ˙ν , (34)
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we can obtain the Raychaudhuri equation by isolating the J⊥ dependence in (25). Defining
the tensor Πµ
ν ≡ ∇µγ˙ν as the covariant derivative of geodesic tangent vector, we find it
satisfies,
∇γ˙Πµν = −
(
Πµ
σΠσ
ν − 2Tασµγ˙σ∇αγ˙ν +Rνσµλγ˙σγ˙λ
)
,
of which we can take the trace, to obtain the equation for Θ, as defined in (34), in terms of
vorticity and shear (32–33),
dΘ
dτ
=
(
2AµνA
µν − 2SµνSµν − Θ
2
3
−Rµν γ˙µγ˙ν + 2Tαβδγ˙β∇αγ˙δ
)
. (35)
Note that the Raychaudhuri equation (35) is conformal, as we can verify by using the
transformation laws of vorticity, shear and local expansion rate,
Sµν → eθSµν , Aµν → eθAµν , Θ→ e−θΘ , (36)
applying the transformation law for Tαβδ,
2Tαβδγ˙
β∇αγ˙δ →e−2θ
(
2Tαβδγ˙
β∇αγ˙δ + ∂δθγ˙α∇αγ˙δ − γ˙β∂βθδαδ∇αγ˙δ
)
=
=e−2θ
(
2Tαβδγ˙
β∇αγ˙δ − dθ
dτ
Θ
)
,
(37)
and noticing that the last term in Eq. (37) cancels against the term coming from transforming
the left hand side of Eq. (35), namely,
dΘ˜
dτ˜
= e−θ
d
(
e−θΘ
)
dτ
= e−2θ
(
dΘ
dτ
− dθ
dτ
Θ
)
. (38)
Furthermore, the fluid vorticity, shear and divergence are observables: they scale commen-
surably, with a conformal weight of −1. In case of global cosmological space-times (Fried-
mann space-times), we have that Θ = (D − 1)H, where H is the Hubble rate. Any cosmo-
logical measurement that intends to measure the (global) expansion rate H(t) can in fact
only measure the local expansion rate Θ(x) since measurement are performed locally, in the
vicinity of the Earth. Θ is an observable only if geodesics and Θ are computed using the
covariant derivative with torsion, which provides further theoretical support in favour of the
approach proposed in this paper.
Anticipating section III D, in which we study conformal gravity endowed with a dilaton
field Φ and coupled to conformal matter where we show that, when torsion is in the so-
called pure gauge form, the metric ds2 can be written as in Eq. (73), such that conformal
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transformation of ds2 can be obtained by transforming the dilaton field alone as,
d ln(Φ) = −dθ. (39)
When this is inserted into the Raychaudhuri equation (35) one obtains,
dΘ
dτ
=
(
2AµνA
µν − 2SµνSµν − Θ
2
3
−Rµν γ˙µγ˙ν − θ˙Θ
)
=
(
2AµνA
µν − 2SµνSµν − Θ
2
3
−Rµν γ˙µγ˙ν + Φ˙
Φ
Θ
)
,
(40)
where in the first line we took account of Eq. (38) and the second line is obtained from (39).
We stress that the quantities Θ , Aµν , Sµν , appearing in Eq. (40) are exactly mapped in the
one computed in general relativity, when torsion is in the pure gauge form from Eq. (13). In
this case Einstein’s general relativity endowed with a (Brans-Dicke) scalar field corresponds
to a specific gauge choice of a more general theory with torsion in which the torsion tensor
can be made to vanish identically by a suitable gauge choice.
Eq. (40) describes the behaviour of neighbouring geodesics in different conformal frames
and is used to find conditions for which singularities form 4. First note that in this setting,
if Aµν = 0 in one conformal frame, it will be zero in every frame, since it changes as
Aµν → eθAµν . Therefore vorticity cannot prevent conjugate points to form, if torsion is in
its pure gauge form from Eq. (13). However, because of conformal invariance, we can always
switch to a different frame, where the term ∝ Φ˙/Φ can slow down convergence of geodesics,
which might prevent the formation of conjugate points. This would mean that singularities
can be moved to infinite proper time, in a different conformal frame, and if we argue that
such a frame is the physical frame used by freely falling observers, we would conclude that
space-time singularities cannot be reached by any physical observer.
In fact, singularities might be just bad choices of the conformal frame used: analogously
to coordinate transformation, conformal transformations can be singular, and well defined
only in local patches of the space-time manifold (as for example the Rindler coordinates
in Minkowski space). This should correspond to using the description of local observers
who perceive divergent energy scale, and can therefore have access to parts of the manifold,
but not to the whole space-time (as the Rindler observer cannot access the part of the
4 Singularities are essentially points in which Θ→ −∞.
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manifold which is causally disconnected with him or her). However, the global geometric
and conformal invariants remain locally well defined. Since all dimensionless scalars are
not changed by Weyl transformations, they remain well-defined even in the case of singular
conformal transformations. Note that R or any observable O with conformal weight w 6= 0
do not fit in this category, but R/Φ2 and ΦwO (in D = 4) do. Clearly all dimensionful
quantities can become singular after a singular conformal rescaling, but our assumption is
that we cannot measure dimensionful parameters. Instead, we base our measurement on the
local value of some field, which just means that we measure ΦwO rather than O. Conformal
singularities might exist and they are point in which conformally invariant ratios diverge.
However, they can always be mapped onto an infinite (proper time) future or past.
III. COUPLING TO MATTER
In section II we have showed that gravity with torsion, in the framework of Einstein-
Cartan gravity, exhibits a geometrical version of conformal invariants. Here we discuss how
to construct a theory for scalar, spinor and vector fields, that exhibits the same kind of
conformal invariance in arbitrary space-time dimensions.
We start by defining a 1-form, given by the trace of the torsion tensor,
T ≡ Tµdxµ = 2
D − 1T
λ
λµdx
µ . (41)
Note that the torsion trace is the only one of its irreducible components that transforms
under conformal transformations, and that the definition (41) is the unique metric indepen-
dent and coordinate independent contraction of the torsion tensor one can construct. We
propose treating the form (41) as the gauge boson of conformal transformations. This choice
is motivated by the fact that a conformal transformation changes T as,
T → T + dθ , (42)
which is analogous to the way in which abelian gauge bosons transform, and by the fact that
T acting on vectors generates scale transformations, as a consequence of parallel transport.
The transformation law (42) has been noticed in the past, and has been tried to be used
to unify gravity with electromagnetism. For example, in Ref. [15] the author considers the
transformation law (13) and the fact that the Riemann tensor does not change upon applying
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it, and tries to link T to the gauge boson of U(1). However, even if the transformation
law for (42) is identical to the transformation law for the U(1) connection, there is a key
difference between the two: that the Abelian group U(1) is compact. On the contrary
the conformal transformations that we are studying in this paper form a non compact
group, and is therefore to be distinguished from U(1). The parameter θ in (1) is non
periodic, θ(x) ∈ (−∞,+∞), while in U(1) transformations one would write, for a field
ψ, ψ → eiqα(x)ψ, which shows that the space where the parameter α lives requires the
identification α ∼ α + 2pi, i.e. it is a compact space.
Even though the concepts of U(1) invariant derivative, and a conformally invariant deriva-
tive are distinct, the way to construct them is analogous. We have already mentioned that
scalar field in D dimensions transforms as,
φ→ e−D−22 θφ .
The conformally invariant covariant derivative can therefore be expressed as,
w
∇µφ = ∂µφ+ D − 2
2
Tµφ = ∂µφ+ D − 2
D − 1T
λ
λµφ , (43)
and generalised to a field, Ψ, of arbitrary conformal weight w as,
w
∇µΨ = ∇µΨ + (wg − w)TµΨ , (44)
where ∇µ is the manifold covariant derivative, and wg is the geometrical dimension of Ψ,
that is if Ψ is a
(
p
q
)
tensor, wg = q − p. Note that in order to be able to construct
w
∇ for a
given field, we should know its scaling dimension, w. This is not different from the gauge
derivative of fields charged under U(1): in that case, one should know the hypercharge of
the representation upon which the gauge derivative acts, Y , which is different for different
fields. The role of hypercharge is played, for the conformal group, by the scaling dimension
of fields, w.
We can think of the field Ψ as being a representation of the conformal extension of the
Lorentz symmetry group, which is classified by its conformal weight w. Clearly Ψ is going
to be also a representation of the Lorentz group, which will give it a “natural” conformal
weight: under Lorentz transformations Ψ → ΛΛ · · ·Λ−1Λ−1 · · ·Ψ, where there are q Λ’s
and p Λ−1’s. Under global scale transformations we have,
x→ λx =⇒ Ψ→ (1λ)(1λ) · · · (1λ−1)(1λ−1) · · ·Ψ = λ(q−p)Ψ ,
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which sets its “Lorentz” or geometrical weight to q−p, when the global scaling behaviour is
made local, i.e. λ → λ(x). We can however form composite objects out of Lorentz scalars
with w 6= 0, and representations Ψ having w = wg. One example of such field constructed
using geometrical quantities is Θwγ˙µ, a vector with conformal weight −w − 1. This shows
that the conformal weight of fields can, in general, take any real value, which is a consequence
of the non-compactness of the conformal group. Thinking back again to the U(1) example:
the electric charge is quantised because of the global identification α ∼ α + 2pi [18]. This
is not the case for the conformal group, whose representations can therefore possess any
scaling behaviour. If w is an integer, w − wg simply represents the energy dimension, in
natural units, of the field Ψ. Fields for which w = wg are dimensionless in natural units, as
for example γ˙µ = dxµ/dτ , measured in units of [space]/[time] and as such dimensionless in
natural units.
By following this procedure, one can construct the covariant conformal derivative for
spinor fields and vector bosons using the transformation laws,
ψ → e−D−12 θψ , (45)
Aµ → e−D−42 θAµ . (46)
The form of
w
∇ for gauge fields follows from Eq. (44), and for fermions we define,
w
∇µψ = ∇µψ + D − 1
2
Tµψ = ∇µψ + T λλµψ , (47)
w
∇µAν = ∇µAν + D − 2
2
TµAν =
◦
∇µAν + TνAµ − gµνTσAσ + D − 2
2
TµAν , (48)
where ∇µ is the covariant derivative with torsion satisfying metric compatibility,
◦
∇µ the
part of the covariant derivative that depends on the metric only. Note that
w
∇αgµν = 0,
since the conformal weight of gµν coincides with its geometrical weight. Furthermore, it is
easy to check that
w
∇µ satisfies the Leibniz rule, and commutes with contractions and tensor
product. It is also conformally and coordinate invariant 5.
We point out that the construction that lead to Eq. (44) is not guaranteed to be unique.
This means that there could be other definitions of covariant derivatives that are conformal,
5 There exist other choices to construct a conformally invariant derivative, namely, using Γλλµ/D or Γ
λ
µλ
in place of Tµ. However, such choices are not covariant with respect to Lorentz transformations, because
the Christoffel symbols do not transform as tensors.
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coordinate invariant and metric preserving, and that Eq. (44) might not be the correct gen-
eralisation of the space-time covariant derivative. Nevertheless Eq. (44) defines a derivative
operator on the manifoldM, which satisfies the basic properties of derivations and is coor-
dinate and conformally invariant, for a field of arbitrary conformal weight w. Furthermore,
Eq. (44) reduces to the usual covariant derivative of space-time, when it acts on a field of
energy dimension 0, that is when w = wg. We therefore consider it appropriate for the time
being, and we will proceed, in next section, to write conformally invariant actions for scalars,
fermions and gauge bosons. We will limit our discussion to classical theories and postpone
any consideration on the quantum behaviour of the theory to forthcoming publications.
A. Scalars
We can clearly write the kinetic term for the scalar field with internal symmetry group
G as,
−1
2
∫
dDx
√−gTr
w
∇µφ
w
∇νφgµν =
= −1
2
∫
dDx
√−gTr
(
∂µφ+
D − 2
2
Tµφ
)(
∂νφ+
D − 2
2
Tνφ
)
gµν , (49)
which is invariant under conformal transformations. Here φ =
∑
a
φaλa, where λa are the
generators of the group G of internal symmetries and the trace Tr acts in the internal group
space (for a real scalar field Tr is a trivial operation). Because of this we can write the
following interaction terms ∫
dDx
√−gTr
(
φ2
2α2
R− λφ4
)
. (50)
where α and λ are coupling constants. Note that, while the first term is conformally invariant
in general D, the second is only in D = 4. This also means that α is dimensionless in general
D, while λ is dimensionless only in D = 4 (the canonical dimension of λ is −(D − 4)).
In 4 space-time dimensions operators of dimension 4 in the pure gravity sector can be
added to our theory without spoiling conformal invariance, and they are generic in the sense
that they are always generated by quantum fluctuations [5]. For example, the following
effective action, ∫
dDx
√−g (ξ1R2 + ξ2RµνRµν + ξ3RαβγδRαβγδ) , (51)
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emerges generically when the (one-loop) quantum corrections of scalars, vectors and fermions
are taken account of and it is conformally invariant in four dimensions (in the sense discussed
in this paper).
Note further that the space of conformally invariant theories that one can construct using
conformal symmetry in Einstein-Cartan gravity is much wider and much less constrained
than conformally invariant theories containing the metric alone. There the only choice we
have is to write the square of the Weyl tensor, or choose the non minimal coupling 1/α2
between the scalar field and the Ricci curvature to be (D − 2)/[4(D − 1)].
It is worth spending a few words to analyse what theory emerges for the Higgs particle,
and how its effective low energy description can reproduce the Higgs action of the standard
model. Writing H =
3∑
a=0
Haσa/2, where σa/2 are the SU(2) group generators (σa are here
the Pauli matrices, and σ0 = 1 is the group identity element), we can write the Higgs
conformal-gauge derivative as,
DµH = ∂µH +
D − 2
2
TµH − ig
∑
a
W aµσ
a ·H − ig′Y BµH , (52)
where σa ·H denotes the product in the SU(2) group space, g is the weak gauge coupling
constant, g′ is the hypercharge gauge coupling constant, Y = 1 is the hypercharge of the
Higgs doublet and Bµ is the (Abelian) hypercharge field. The action for the Higgs field then
gets modified to,∫
dDx
√−g
[
−1
2
(DµH)
†DµH − λH(H†H)2 + gHΦH†HΦ2 − λΦΦ4
]
, (53)
where, in order to make the action conformally invariant in D = 4, we traded the Higgs
mass for a dilaton field Φ. This theory can exhibit spontaneous symmetry breaking in the
following sense: at high energies both 〈H〉 and 〈Φ〉 are close to zero, as required by conformal
symmetry. When the energy scale drops below a critical value, 〈Φ〉 starts growing towards a
finite value (possibly driven by the non-minimal coupling Φ2R). This process will make the
Higgs potential develop a new non trivial minimum, and as a consequence also the Higgs
field will develop a vacuum expectation value.
When the coupling constants satisfy, λHλΦ = g
2
HΦ/4, then the effective low energy action
becomes, ∫
dDx
√−g
[
−1
2
(DµH)
†DµH − λH
(
H†H − g
2λH
〈Φ2〉
)2]
, (54)
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which leads to the Higgs vev, 2〈H†H〉 = h2 = g
λH
〈Φ2〉 = (246 GeV)2. Note that this
value of the Higgs vev produces a classical cosmological constant exactly equal to zero, i.e.
Λ ∝
(
〈H†H〉 − g
2λH
〈Φ2〉
)2
= 0. Of course this does not take into account quantum effects,
which can produce a non vanishing cosmological constant, also by making λH , λΦ, gHΦ run
with the energy scale.
In Ref. [19] the authors consider a model similar to the one defined by (54), and show
that it possesses inflationary solutions and exhibit late time dark energy domination. The
model proposed in [19] exhibits a global scale symmetry, while the one that we are proposing
in this paper makes the symmetry local by introducing a coupling between the scalar fields
and torsion. If we conjecture that local conformal symmetry should be realised at high
energy, the theory proposed in this paper can be seen as the UV completion of the model
in [19], which could in principle explain inflation and late time dark energy, while providing
an interesting framework to study the microscopic properties of gravity with torsion.
B. Fermions
It is well known that in general relativity and in general space-time dimension the kinetic
term of a fermionic field can be written as,∫
dDx
√−g i
2
[
ψ¯γµ∇µψ −
(∇µψ¯)γµψ] , (55)
where
∇µψ = ∂µψ − 1
8
ωabµ[γa, γb]ψ , (56)
∇µψ¯ = ∂µψ¯ + 1
8
ωabµψ¯[γa, γb] . (57)
Here ωabµ is the spin connection defined by,
ωabµ = e
a
λ
(
∂µe
bλ + Γλσµe
σb
)
(58)
and ψ¯ is defined by
ψ¯ = ψ†γ˜ ,
where γ˜ satisfies,
(γµ)† = γ˜γµγ˜ ,
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and it is therefore invariant under conformal transformations. This can be shown by using
the definition of the γµ matrices, to find their scaling properties under conformal transfor-
mations,
{γµ, γν} = gµν =⇒ γµ → e−θγµ ,
and using the fact that the gauge parameter θ is real, we find that ψ¯ transforms like ψ.
It would be tempting to argue that the vierbein field eµa transforms in the same way as
γµ = eµaγ
a, however this would be incompatible with the assumption that the tangent space
metric is parallel transported, i.e. ∇µηab = 0. In fact in the Cartan formalism it is the flat
metric that transforms under conformal transformations, which is the only way in which the
flat metric remains parallel with respect to the new connection. Indeed, if the tetrad does
not transform we have,
ωabµ → ωabµ + δab∂µθ , (59)
under conformal rescaling, which immediately implies that,
∇µηab = 0→ ∇µη˜ab − 2∂µθ η˜ab = 0 =⇒ η˜ab = e2θηab .
We speculate that the reason for this is that the manifolds that we are considering are not
locally isomorphic to flat spaces, but instead to conformally flat spaces.
In light of this comment, we notice that we can rewrite the fermionic covariant derivative
as,
∇µψ = ∂µψ − 1
8
ω[ab]µ
[
γa, γb
]
ψ − 1
8
ω(ab)µ
{
γa, γb
}
ψ , (60)
which will lead to Eq. (56) in the general relativity gauge, that is where the connection
ωabµ = 0 is anti symmetric in (a↔ b) and the covariantly conserved metric is ηab. Evaluating
for the connection ωabµ as in (59), we get,
∇µψ = ∂µψ − 1
8
ω[ab]µ
[
γa, γb
]
ψ − D
4
∂µθψ , (61)
which is conformally invariant, if the conformal weight of ψ is wψ = D/4, which we can call
the geometrical weight of spinor fields (in D = 4, wψ = 1, since under Lorentz transforma-
tions ψ → Λψ). Notice that this derivative splits into a part proportional to the spinorial
generators of Lorentz transformation,
[
γa, γb
]
, and a part proportional to the spinorial gen-
erators of conformal transformations, 1.
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In view of (59), the kinetic term (55) is conformal in any number of dimension. However,
the coupling of fermions to gauge fields can be made conformal only in four dimensions since,
√−gψ¯γµAµψ →
√−ge−D−42 θψ¯γµAµψ .
Also the Yukawa couplings are conformal only in four dimensions since,
√−gφψ¯ψ → e−D−42 θ√−gφψ¯ψ . (62)
Hence we see that all couplings between fermions and gauge bosons or scalar fields in the
Standard Model are conformal in four dimensions. In four dimensions the Standard Model
Lagrangian for fermions is therefore,∫
d4x
√−g
[
i
2
(
ψ¯γµ(∇µ + eAµ)ψ − (∇µ − eAµ)ψ¯γµψ
)− gyφψ¯ψ] , (63)
and with ∇µ =
◦
∇µ this action is invariant both under conformal and gauge transformations.
The action (63) can be easily generalized to non-Abelian groups G by writing Aµ = A
a
µλ
a,
where λa the suitable generators of the group and a trace is taken over the group G. A similar
generalization of scalar and fermionic fields is in order, as can be found in any textbook on
the Standard Model.
C. Gauge fields
As we have remarked before, gauge fields do not transform under conformal transforma-
tions only in four dimensions. It is in fact worth noticing that D = 4 is the only dimension
in which the gauge field lagrangian can be made invariant simultaneously under conformal
transformations and gauge transformations 6. In fact, in general dimensions the conformally
invariant field strength has to be written as,
F aµν =
w
∇[µAaν] = ∂[µAaν] +
D − 4
2
T[µAaν] , (64)
and therefore spoils gauge invariance. Conversely, if we want to write a field strength that
preserves gauge symmetry, we have to neglect the second term in Eq. (64), which will spoil
conformal symmetry.
6 This fact alone is of some interest, as it could be used as a starting point for the explanation of why we
live in a four dimensional space-time.
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Luckily we live in four dimensions, where the gauge field action,
− 1
4
∫
d4x
√−gTr (FµνF µν) , (65)
is both conformally and gauge invariant. Similarly, one can show that the action of the
form, ∫
dDxfTr
[
FµνF˜
µν
]
,
which is conformal (and topological) in D = 4, but not conformal (non-topological) in D 6= 4.
Here f is a coupling constant, F˜ µν = |g|−1/2µναβFαβ is the dual field strength, which under
conformal transformations transforms the same way as F µν , and µναβ is the Levi-Civita`
symbol.
D. Gravity plus dilaton: a toy model
To end this section, we are going now to solve a toy version of this model in the classical
limit. Namely, we assume that there is only one real scalar field, Φ, that couples non
minimally to gravity and therefore sets the Planck scale. Clearly this is not the realistic
situation, since there should be at least one extra scalar in the model, the Higgs field, and
it is charged under SU(2). However, Φ2 =
∑
a(φ
a)†φa, can be thought of as an effective
sum of all scalars that non minimally couple to gravity, and at the classical level our model
can therefore be realistic. For simplicity, we also assume that the only non vanishing part
of torsion is its trace. Since at the level of the Ricci scalar the torsion trace and the skew
symmetric part of torsion decouple, since fermions only source the skew symmetric part of
torsion [20], and since the remaining irreducible part of torsion is not sourced by any matter,
our considerations are general. The action then reads,
S[gµν ,Φ, Tµ] =
∫
d4x
√−g
(
Φ2
2α2
R− g
µν
2
w
∇µΦ
w
∇νΦ− V (Φ)
)
+ SSM , (66)
where SSM is the action of fermions and gauge fields which, in four dimensions, does not
depend on the torsion trace.
Varying the action with respect to Tν and gµν leads to the classical equations of motion,
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which read 7,
w
∇σ
w
∇σΦ =
( ◦
∇σ − Tσ
)
w
∇σΦ = − 1
α2
RΦ + λΦ3 (67)
(6− α2)Φ
w
∇νΦ = (6− α
2)
2
w
∇νΦ2 = 0 , (68)
Rµν − 1
2
gµνR− 1
Φ2
[( ◦
∇µ + 4Tµ
)
w
∇νΦ2 − gµν
( ◦
∇σ + Tσ
)
w
∇σΦ2
]
=
α2
Φ2
Tmµν , (69)
where
◦
∇µ is the covariant derivative computed using the metric and the Christoffel symbols,
and
w
∇ is the conformal covariant derivative from Eq. (43).
For our toy model, the matter stress energy tensor is going to be,
Tmµν =
w
∇µΦ
w
∇νΦ− gµν
(
1
2
w
∇σΦ
w
∇σΦ + V (Φ)
)
+ T SMµν , (70)
where now T SMµν is the energy-momentum tensor fermions and gauge fields
8.
The non trivial solution of Eq. (68) is,
Tµ(x) = −1
2
∂µ log
Φ2(x)
Φ20
, (71)
where we introduced the (arbitrary) scale Φ20, to make the argument of the logarithm dimen-
sionless. It represents an arbitrary energy scale, i.e. the value of Φ(x0) at some arbitrary
point x0, such that the ratio Φ
2(x)/Φ20 measures the variation of the field. We have thus
arrived to an equation, valid in the classical limit of the theory, which shows the connection
between the intrinsic scale that an observer uses to measure its distances and the transfor-
mation law (1). Note that Eq. (71) implies that the scalar field is covariantly conformally
conserved, or that,
w
∇µΦ(x) = 1
2Φ(x)
w
∇µΦ2(x) = 0 . (72)
If Eq. (71) is valid, it means that the torsion is in its pure gauge form from Eq. (13), which
in turn implies that the metric has to be in the form Φ2 ⊗ gˆ, where gˆ is the metric in the
General Relativity gauge (i.e. where the torsion trace vanishes). Because of Eq. (71), we
can argue that the metric which is parallel transported has to be,
ds2 =
Φ20
Φ2(x)
dsˆ2 =
Φ20
Φ2(x)
gˆµνdx
µdxν , (73)
7 Note that the usual choice of conformally coupled scalar, α2 = 6 in D = 4 here leads to no constrain on
torsion. This is so because that specific choice of α2 leads to cancellation of all the torsion contributions
in the action (66).
8 In this toy model the Higgs contribution may (but need not) be absorbed into Φ.
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where Φ0 is an integration constant with the dimension of energy and gˆµν solves the effective
equation,
◦
Rµν [gˆ]− 1
2
gˆµν
◦
R[gˆ] =
α2
Φ20
Tˆ SMµν − α2gˆµνΦ20
(
V (Φ)
Φ4
)
, (74)
where ◦ denotes as usual quantities computed using only the metric without torsion, in this
case the metric gˆµν in Eq. (73), and
Tˆ SMµν = −
2√−gˆ
δSSM
δgˆµν
.
Now, we note that Φ is not a dynamical field, in fact if
w
∇µΦ = 0, Eq. (67) turns non
dynamical, and it is solved by Φ = 0 and, if R > 0, by Φ2 = R/λα2. Plugging this in
Eq. (75), leads to
◦
Rµν [gˆ]− 1
2
gˆµν
◦
R[gˆ] =
α2
Φ20
Tˆ SMµν − λα2gˆµνΦ20 , (75)
which are Einstein’s equations with a positive cosmological constant. We notice that such a
solution only exists if R > 0, that is in our notation de Sitter space 9, which is also supported
by the results in [21] where the authors find that a condensation of the scalar field is only
possible in de Sitter space-time. However, in our theory, the restriction R > 0 only holds
when there is only one dilaton field Φ. If more scalars are introduced, they would all turn
dynamical and the space of solutions will become bigger, and not restricted to R > 0. Even
in this situation we can solve exactly for the torsion trace, since Eq. (68) would still not
contain kinetic terms for torsion. Then, a cosmological constant Λeff = λα
2Φ20 would still be
generated. We want to estimate the magnitude of such Λeff : it is clear that the fraction
Φ20
α2
has to be of order 1 in Planck units, because it gives the measured value of the Planck mass.
However, this ratio does not change if we multiply both α and Φ0 by the same dimensionless
constant C. The cosmological constant, however, is going to change by a factor C4, which,
for C  1, can render it arbitrarily small. This argument shows that a small cosmological
constant can be realised in a natural way in this theory, also considering that we can vary
λ arbitrarily.
The metric (73) clearly splits in two different representations of the symmetry group de-
fined by (1): conformal transformations change Φ−2, in (73), while Lorentz transformations
only act on Φ20dsˆ
2 = Φ20gˆµνdx
µdxν . From this point of view, the metric is a composite
9 Note that the de Sitter metric would be an exact solution, for the metric gˆµν , of Eq. (75), if Tˆ
SM
µν = 0.
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object that contains two very distinct parts: a dimension-full part, Φ−2, is related to the
Planck mass, while the dimensionless part, Φ20gˆµνdx
µdxν , is the metric that solves Einstein’s
equations.
Eq. (73) sets the form of the metric that an observer uses to measure proper time. Now
let us consider an observer performing local experiments: any measure he performs will be
compared with the only local scale he observes, that is the Planck mass. However, since the
Planck mass in our theory is given by the field Φ (see Eq. (20)), the local scale of observers
is set by the field Φ itself. Note that this is precisely the interpretation of Eq. (73): modulo
a constant proportionality factor, the natural length unit is set in this theory by the Planck
scale. This is in line with our comment in the introduction: the transformation law (1)
is really just a change of reference frame, switching from different observers that perceive
locally different physical scales. Eq. (73) then shows that the natural scale to measure proper
lengths is set by the dilaton which produces the Planck scale.
The interpretation of space-time singularities differs in this theory from the mainstream
interpretation: from the form of (73) and (69) one can infer that singularities are points
where Φ = 0. Since ds2 diverges when this situation is realised (as one infers from (73)),
it would take an infinite amount of proper time to reach such singular points. This in
particular means that collapsing matter can never reach the singularity. Since physical
black holes eventually evaporate, all the matter that has fallen into it will be released, once
the horizon shrinks enough.
In this process, the physical separation of a congruence of geodesics, i.e. ‖J⊥‖ = ‖Jˆ⊥‖/Φ2
defined as in section II, might not go to zero, even if ‖Jˆ⊥‖ (the separation in Einstein’s
frame) does. When conjugate points form we have ‖J⊥‖ → 0, which can happen only in the
asymptotic proper-time future, and might be even prevented by the dynamics of the field
Φ.
IV. CONCLUSION
In this paper we show that it is possible to formulate a conformally invariant theory of
gravity in the context of Einstein-Cartan gravity. At the classical level and if torsion is in the
pure gauge form given by equation (13) such a theory reproduces general relativity with an
extra symmetry . Its deviation from Einstein’s theory manifests itself in two ways: firstly, the
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symmetry demands a field-dependent Planck constant which can, for example, be described
by a (dynamical) scalar field, and secondly by the the presence of torsion. According to
our considerations on cosmological observations in the introduction, and because torsion
contributions are only noticeable at very high energies [9], both of these possibilities are not
ruled out by current observations.
In section III we construct a classical conformally invariant theory which can be extended
to include gravity and all fields of the Standard Model. We show that gauge invariance and
conformal invariance are only compatible in four dimensions, another surprising coincidence
which motivates further study of the class of models presented in this paper. In our theory
the torsion trace is the “gauge boson” of the conformal group and, as we show in Eq. (71),
in the classical limit of the theory it collapses to its pure gauge form and selects the scale
used by local observers to measure lengths.
These considerations show a novel connection, guided by symmetry, between the stan-
dard model of particle physics and gravity, which needs to be understood in full. Conformal
symmetry might in fact be an enhanced symmetry of gravity, which reflects the fact that
different observers might measure locally different scales, but have to agree on the (dimen-
sionless) results of their experiments. Since the classical theory we formulate in this paper
is exactly conformally invariant, we are confident that it is the right road to build models
with this extended equivalence principle.
In this paper, we have not studied any of the quantum properties of the theory, which
is of course of fundamental importance in the future. It is a well established fact that in
general quantum fluctuations do not respect conformal symmetry [22], since the path integral
measure is not invariant under conformal rescaling of the fields. However, our theory is
power-counting renormalizable, since it only contains dimensionless coupling constants, and
should therefore posses an UV fixed point of the renormalization group. What is important
to notice is that, near the fixed point, quantum fluctuations restore conformal symmetry
due to the very nature of the fixed point. Therefore at the UV fixed point of the theory the
symmetry is restored. If the evolution of the universe starts close to this UV fixed point, the
conformal symmetry might be mildly broken, eventually leading to a condensation of the
scalar fields, which would then be responsible for the generation of mass. One hopes that by
studying these processes in detail one can arrive at satisfactory inflationary dynamics that
result in predictions consistent with the observations. Our mechanism for inflation would be
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similar to that studied in [19], where the field responsible for generating the Planck mass is
also responsible for inflation. The crucial difference is, however, in the gravitational sector
which in our model exhibits torsion. Since gravitational dynamics is relevant for inflationary
predictions, it would be of crucial importance to find out what are the observable that would
differentiate between the model studied in [19] and our model.
It would also be interesting to ask the question whether our theory can be obtained by a
low energy description of string theory: compactification procedures usually are expected to
break conformal symmetry, as there is always a scale involved in such procedures, i.e. the
radius of the compactified dimensions. Therefore, the breakdown of conformal symmetry in
low energy models that arise from string theory compactifications could be traced back to
the scale set by compactification. Alternatively, local conformal symmetry can emerge from
embedding 4-branes in a higher dimensional space-time, and its realisation be confined to
the brane itself.
Last but not least, other open questions linked to the quantum behaviour of the theory
are related to (quantum) anomalies. Since conformal anomalies are produced, in dimensional
regularization scheme, by a “memory” that the fields seem to have of extra dimensions [5],
and since conformal and gauge invariance are only compatible in four dimensions in our
theory, there is the potential for gauge anomalies. This question ought to be answered by
carefully studying the quantum behaviour of the theory.
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